Abstract. Habiro-Le invariants dominate sl 2 Witten-Reshetikhin-Turaev invariants of rational homology 3-spheres at roots of unity of order coprime with the torsion. In this paper we give a formula for the Habiro-Le invariant of a rational homology 3-sphere obtained by rational surgery on a link in S 3 . As an application, we compute this invariant for Seifert fibered spaces and for Dehn surgeries on twist knots. We show that the Habiro-Le invariant separates integral homology Seifert fibered spaces.
Introduction
In 2001, Habiro [4] announced a construction of an invariant of integral homology 3-spheres with values in the universal ring
where (q) n := (q; q) n = (1 − q)(1 − q 2 ) . . . (1 − q n ). Habiro's invariant specializes at a root of unity to the value of the sl 2 Witten-Reshetikhin-Turaev (WRT) invariant at that root.
Recently, Le generalized Habiro's theory to rational homology 3-spheres [6] . For a rational homology sphere M with |H 1 (M, Z)| = a, Le constructed an invariant I M which dominates the SO(3) WRT invariants of M at roots of unity of order coprime to a. Habiro's universal ring was modified by inverting a and cyclotomic polynomials of order not coprime to a.
Important applications of the Habiro-Le theory are the new integrality properties of WRT invariants, new results about Ohtsuki series and a better understanding of the relation between LMO invariant, Ohsuki series and WRT invariants.
The aim of this paper is to give a rational surgery formula for the Habiro-Le invariant I M . As a main technical ingredient we use the generalized Watson identity for q-hypergeometric series, which allows us to put the result in a smaller ring than considered in [6] . Let us summarize our main results.
For a positive integer a let A a := Z[ a. Denote by Φ s (t) the s-th cyclotomic polynomial. Let Λ a ⊂ Q(q 1/a ) be the ring obtained from A a by adding the inverses of each Φ s (q 1/a ) with s not coprime with a:
The analog of the Habiro ring constructed in [6] iŝ Λ a := lim
Let U a be the set of all complex roots of unity with orders odd and coprime with a. Le showed that the ringΛ a plays the role of the Habiro ring, with the set of all roots of 1 replaced by U a .
Let t := q 1/a . Let R a ⊂ Λ a be a subring generated over Z[t ±1 ] by the elements
R a (q) n be its cyclotomic completion. We can refine the Le's result as follows. Theorem 1. Let M be a rational homology 3-sphere with |H 1 (M, Z)| = a. Then Habiro-Le invariant I M belongs to R a .
As an application, we compute the Habiro-Le invariant for Seifert fibered spaces and for Dehn surgeries on twist knots. Theorem 2. Habiro-Le invariant separates integral homology Seifert fibered spaces.
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Quantum invariants
Let us first fix the notation.
1.1.
The colored Jones polynomial. Suppose L is framed, oriented link in S 3 with m ordered components. For every positive integer n there is a unique irreducible sl 2 -module V n of dimension n. For positive integers n 1 , . . . , n m one can define the quantum invariant J L (n 1 , . . . , n m ) = J L (V n1 , . . . , V nm ) known as the colored Jones polynomial of L (see e.g. [10] ). Let us recall here a few well-known formulas. For the unknot U with 0 framing one has
If L ′ is obtained from L by increasing the framing of the i-th component by 1, then
However, there is a number a ∈ {0,
1.2. Evaluation map. Recall that U d is the set of all roots of unity of odd order coprime to d. We first define, for each ξ ∈ U d , the evaluation map ev ξ , which replaces q by ξ. Suppose f ∈ Q[q ±1/h ], where h is coprime with r, the order of ξ. There exists an integer b, unique modulo r, such that (
The definition extends to ev ξ :Λ a → C, since ev ξ ((q; q) n ) = 0 if n ≥ r. Suppose ξ is a root of unity of odd order r and f (q; n 1 , . . . , n m ) a function of variables q and integers n 1 , . . . , n m . Let
where in the sum all the n i run the set of odd numbers between 0 and 2r. Let
Let U ± be the unknot with framing ±1. It is known that F U ± (ξ) = 0, see Lemma 1.2.
1.3. Definition of SO(3)-invariant of 3-manifolds. All 3-manifolds in this paper are supposed to be closed and oriented. Every link in a 3-manifold is framed, oriented, and has components ordered. Suppose M is an oriented 3-manifold obtained from S 3 by surgery along a framed, oriented link L. (Note that M does not depend on the orientation of L). Let σ + (respectively, σ − ) be the number of positive (resp. negative) eigenvalues of the linking matrix of L. Suppose ξ is a root of unity of odd order r. Then the quantum SO(3)-invariant is defined by
For connected sum, one has τ M#N (ξ) = τ M (ξ)τ N (ξ).
1.4. Gauss sum, Laplace transform, and the value of F U ± (ξ). Recall that ξ ∈ U d has odd order r. A variation γ d (ξ) of the Gauss sum is defined by
It is known that |γ d (ξ)| = √ r, and hence is never 0.
Proof. It's enough to consider the case when f = q na , with a an integer. This case is proved simply by using the standard completing the square method, see for example, [2] .
The point is that L d;n (f ), unlike the left hand side
f , does not depend on ξ ∈ U d , and will help us to define a "universal invariant".
Applying Lemma 1.1 with d = ±1 and f = [n] 2 , using the unknot formula (1), we get the following.
Lemma 1.2. For the unknot U
± with framing ±1, one has F U ± (ξ) = 0. Moreover,
{1} .
1.5.
Rational surgery. Let a, b be coprime integers with b > 0. It is well known that rational surgery with parameter a/b over a link component can be achieved by shackling that component with a framed Hopf chain and then performing integral surgery, in which the framings m 1,2,...,n are related to a/b via a continued fraction expansion: 
The result is given by Lemma 4.12 in [7] , where A = q 1/4 has the same order as q, because r is odd. Moreover, p and q in [7] are related to our parameters as follows: a = −q and b = p. Computations analogous to Lemmas 4.15-4.21 in [7] imply the result.
The SO(3)-invariant of the lens space L(a, b), which is obtained by surgery along the unknot with rational framing a/b, can now be easily computed.
Here we used the Dedekind reciprocity law (see e.g. [5] ), where sn(d) is the sign of d, 
which holds for any nonzero integer d. Note that (3) holds for all ξ ∈ U a (compare [7] ) and 
For any link L, one has
, . . . , P ′ km ) also has non-trivial denominator. A difficult and important integrality result of Habiro [4] 
where and using Theorem 3, we construct an invariant with values in the universal ringΛ a . Let us show how this strategy works for rational framings.
Suppose that one component of L has rational framing a/b. Then by Lemma 1.3 we have to compute
Therefore, it is sufficient to compute H k (q, a/b) for a > 0. q, a, b) ) .
where
A similar formula in the case b = 1 was obtained in [6] . Proposition 2.1 implies that
where Y (k, a) was defined in [6] as follows.
The proof of Proposition 2.1 is given in Appendix. In the rest of the section we define F k (q, a, b). We put
(2b−3) (t; t) 2k+1 (q; q) 2k+1 Let w be a primitive root of unity of order a. Let t be the a-th primitive root of q, i.e. t a = q. We use the following notation (q
Case a is odd. For odd a we define c = (
Case a is even. For even a we define c = a/2 − 1,
Example.
Note that (11) coinsides up to units with the formula for the coefficient c (13)). This is because surgery on the −1/b-framed component can be achieved by replacing this component by b 1-framed copies. Indeed, changing the variables in (11) as follows:
Universal invariant
Let M be a rational homology 3-sphere with |H 1 (M, Z)| = a. Assume that M is given by surgery along an algebraically split link L of m components with rational framings a1 b1 , . . . (12)
sn(a i )q
Proof. First observe that, if b i = 1 ∀i, our formula consides with (21) in [6] . It follows from (7) and
Here we used that 3s(1, a) = The Corollary 0.3 (d) in [6] allows to drop the conditions (b i , r) = 1, because I M is determined by its values at any infinite sequence of roots of order prime powers in U a .
3.1. Proof of the Theorem 1. The fact that I M ∈ R a follows now from Proposition 2.1 and Theorem 3. Recall that I M does not contain fractional powers of q 1/a . Indeed,
Applications
In this section we compute the universal invariant I M for Seifert fibered spaces and for a/b surgeries on twist knots. 
Applying finally the Laplace transform L −e;j and collecting the factors we get the result. whereâ i means delete a i . This allows to determine the a i 's. In the case e < 0, we have the same assymptotic after replacing q by q −1 .
Theorem 2 follows also from [3] , where the computation were done for the LMO invariant combined with the sl 2 weight system, i.e. for Ohtsuki series. By the result of Habiro I M determines Ohtsuki series.
4.3.
Dehn surgeries on twist knots. Let K p be the twist knot with p twists. Masbaum [8] calculated the P ′ n colored Jones polynomial of this knot. For p > 0 we have
where s k = k j=1 i j . The formula for the negative p can be obtained from the given one by sending p → −p, q → q −1 , forgetting the factor q n(n+3)/2 and multiplying the result by (−1) n .
1+s−r z n are the basic q-hypergeometric series and (a) n := (a; t) n .
Proof of Proposition 2.1. We have to compute L −a/b;n ({n/b} {n + k}!/{n − k − 1}!). Note
Using the q-binomial theorem we get
We put t := q 1/a and choose a primitive ath root of unity w. Then using
we can rewrite the previous sum as follows.
The main point is that (17) is equal to (1−t −2k−1 ) times the LHS of the generalized Watson identity (15) with the spezialization of parameters described below. We consider the limit α → q −2k−1 . We set p = max{b, a + b − 2}, b i , c i → ∞ for i = a − 1, ..., p − 1; b p → t −k , c p → ∞ and N → ∞. Case a is odd. Finally, the formulas below allow us to separate the factor
The next lemma implies the result.
Lemma 4.2.
Proof. First note that F k (q, a, b) does not depend on w, because in the LHS of the identity w does not occur. Suppose a is odd. Let z := x 1 − m 1 = m 2 + m 3 + · · · + m c . Let us complete (w c t m1+1 ) z to (q m1+1 ) z by multiplying the numerator and the denominator of (9) Now up to units the denominator of (9) is equal to (q m1+1 ) x1−m1 (t) k−x b (t) m2 (t) m3 . . . (t) m l which devides the numerator. The even case is similar.
